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ON A PROBLEM OF SCHINZEL AND $\mathrm{W}\circ \mathrm{J}\mathrm{C}\mathrm{I}\mathrm{K}$
FRANCESCO PAPPALARDI AND ANDREA SUSA
for the Proceedings of me $Andyt;\mathrm{c}$ Number Theory $M\epsilon e\alpha ng$ . RIMS, Kyoto October $tWJ$
$\mathrm{A}\epsilon 8^{\cdot}\mathrm{P}\mathrm{R}\mathrm{A}\mathrm{C}\mathrm{T}$ . Given $a_{1},$ $\ldots,a_{r}\in \mathrm{Q}\backslash \{0,\pm 1\}$ , the Schin$l\mathrm{e}\mathrm{l}-\mathrm{W}6\mathrm{j}\mathrm{c}i\mathrm{k}$ problem is
to determine whether there exist infinitely many prines $p\hslash \mathrm{r}$ which the order
modulo $p$ of each $a_{1},$ $\ldots,a_{r}$ coincides. We propose seme results about this
problem. Iibr example, the first result is that on the GRH, the primes with
this property have a density. The second is that in the special case when each
$a_{i}$ is a power of a fixed rational number, the density exists unconditionally and
it is non zero.
1. $\mathrm{I}\mathrm{N}\mathrm{T}\mathrm{R}\mathrm{O}\mathrm{D}\mathrm{u}\mathrm{c}^{[]}\mathrm{r}\mathrm{I}\mathrm{o}\mathrm{w}$
If $a$ $\epsilon\Psi$ and $p$ is an odd prime such that the padic valuation $v_{p}\{a\rangle$ $=0$ tben
we define the $\alpha de$’of $a$ modulo $\mathrm{p}$ as
$\mathrm{o}\mathrm{r}\mathrm{d}_{p}(a)=\mathrm{m}\dot{\mathrm{m}}$ { $k\epsilon \mathrm{N}|a^{k}\equiv 1$ mod $\mathrm{p}$}.
In 1992 Schinzel and $\mathrm{W}6\mathrm{j}\mathrm{c}i\mathrm{k}[5]$ proved that given any rational $a,b\epsilon \mathrm{O}\backslash \{0,\pm 1\}$ ,




Clearly the first condition is satisfied for all but finitely many primes and the
second is the important one. Whenever we use the symbol $\mathrm{o}\mathrm{r}\mathrm{d}_{p}(a)$ , we always
assume that $v_{p}(a)=0$. The proof of Schinzel and $\mathrm{W}6\mathrm{j}\mathrm{c}\mathrm{i}\mathrm{k}’\epsilon$ result is very ingenious
and uses Dirichlet’s Theorem for primes in arithmetic progressions. In the last $1_{\dot{\mathrm{i}}}\mathrm{e}$
of their paper, Schinzel and $\mathrm{W}6\mathrm{j}\mathrm{c}\mathrm{i}\mathrm{k}$ conclude by stating the $\mathrm{f}\mathrm{o}\mathrm{U}o\mathrm{w}\mathrm{i}\mathrm{n}\mathrm{g}$ problem:
given a, $b,c\in \mathbb{Q}\backslash \{0, \pm 1\},$ do meoe exist infinitdy many primes
such that
$\mathrm{o}\mathrm{r}\mathrm{d}_{p}(a)=\mathrm{o}\mathrm{r}\mathrm{d}_{\mathrm{p}}(b)=\mathrm{o}\mathrm{r}\mathrm{d}_{\mathrm{p}}(\mathrm{c})$?
We refer to the above as the $\mathrm{S}\mathrm{c}\mathrm{h}\mathrm{i}\mathrm{n}\mathrm{z}\mathrm{e}\mathrm{l}-\mathrm{W}6\mathrm{j}\mathrm{c}\mathrm{i}\mathrm{k}$ (SW for short) problem for $a,$ $b,c$.
In general, if $\{a_{1}, \ldots,a_{f}\}\subset \mathbb{Q}\backslash \{0, \pm 1\}$, the SW problem for $\{a_{1}, \ldots,a_{r}\}$ is to
determine whether there are inflnitely many primes $p$ such that
$\mathrm{o}\mathrm{r}\mathrm{d}_{p}(a_{1})=\cdots=\mathrm{o}\mathrm{r}\mathrm{d}_{p}(*)$.
It $\mathrm{i}\epsilon$ easy to produce exunplae having no odd primes with the wanted property.
Indeed let $a=e,b=e^{2},c=-e^{2}$ . For any $p\geq 3$ , if $\delta=\mathrm{o}\mathrm{r}\mathrm{d}_{p}(e)=\mathrm{o}\mathrm{r}\mathrm{d}_{p}(-e^{2})$, then
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we have $e^{2\delta}\equiv(-e^{2})^{\delta}\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} p)$ . Therefore $(-1)^{\delta}\sim=1(\mathrm{m}\mathrm{o}\mathrm{d} p)$ so that 2 $|\delta$ and
$(e^{2})^{\delta/2}\overline{\approx}1(\mathrm{m}\mathrm{o}\mathrm{d} p)$ . This implies $\mathrm{o}\mathrm{r}\mathrm{d}_{p}(e^{2})|\delta/2$ . However we have the following
result due to $\mathrm{W}6\mathrm{j}\mathrm{c}i\mathrm{k}[6]$ :
Theorem (W\’ojcik (1996) [6]). Let $K/\mathrm{Q}$ be a finite evtension and $a_{1},$ $\ldots,\alpha_{r}\epsilon$
$K\backslash \{0, l\}$ be such that tite multiplicative group ($\alpha_{1},\ldots,\alpha_{r}\}\subset K\dot{u}$ torsion fite.
Then the Schinzd-Sierpinski Hypothesis $\iota$: implies that $\mathrm{t}\mathrm{h}\mathrm{r}n.\dot{\varpi}stitffin\# ly$ many
$p\dot{n}m\epsilon s\mathrm{p}$ of $K$ of degrm 1 such that
$\varpi \mathrm{d}_{\mathfrak{p}}\alpha_{1}=\cdots\approx \mathrm{o}\mathrm{r}\mathrm{d}_{\mathrm{p}}\alpha_{\mathrm{r}}$.
Zt is an $\dot{\mathrm{i}}\mathrm{m}d\mathrm{f}*$ corolluy that if $a,b,\mathrm{c}\epsilon \mathrm{Q}\backslash \{0,1\}$ are such that-l $\not\in(a,b,\epsilon\}\subset$
$\Psi$ , then Bywthnia $\mathrm{K}$ (see [4]) implies that the SW problem for $\langle$$a,b,c\}$ has an
afiirmative answer. Note however that the rffioient condition-l $\not\in\{a,b,c\}$ should
not be always $\mathrm{K}$. Indeed consider that case of SW for $\{2,3, -6\}$ . The
above theorem does not apply although for $p=$ 19,211,499,907, one has that
$\mathrm{o}\mathrm{r}\mathrm{d}_{p}(2)\underline{\wedge}\mathrm{o}\mathrm{r}\mathrm{d}_{p}(8)\overline{\sim}\mathrm{o}\mathrm{r}\mathrm{d}_{p}(-6)$ . Moreover empirical data suggests that the SW
problem has an affirmative answer. Observe that Hypothesis $\mathrm{H}$ never $u$]$\epsilon m\iota\epsilon$ the
SW pnblem for sets of the form {$a,b$, -ab} $\mathrm{C}\mathrm{Q}\backslash \{0,\pm 1\}$. We denote by $1\mathrm{i}(x)$ the
lqarihrie intqral:
$1 \mathrm{i}(x)=\int_{2}^{\epsilon}dt/t$ .
The generalizd Riemann hypothesis (GRH for short) can be applied to the SW
problen. Indeed we have the $h\mathrm{U}\mathrm{w}i\mathrm{n}\mathrm{g}$:
Theorem (K. R. Matthews- 1976 [1]). Given $a_{1},$ $\ldots,*\epsilon \mathrm{Z}$ , there $\epsilon\dot{m}\epsilon kA=$
$A(a_{1}, \ldots,a_{r})\in \mathrm{n}\geq 0\ell \mathrm{u}\phi$ that if the $Gene[] \mathrm{n}lizd$ Riemann Hppothesis holds, then
$\#\{p\leq x|o\mathrm{r}\mathrm{d}_{p}(a_{1})=p-1\forall i=1, \ldots, r\}=A1\mathrm{i}(x)+O(x\frac{(\log\log x)^{2^{r}-1}}{(\log x)^{2}})$ .
This result is known as the simultaneous primitive roots theorem and admits as
an immediate consequence the following:
Corollary. With the above notation, if $A(a_{1}, \ldots,a_{r})\neq 0$ and the $GRH$ holds, then
the $SW$ problem has an affirmative answer for $a_{1},$ $\ldots,a_{r}$ .
Further roeults in [lj imply that:
(1) $A(a_{\mathrm{I}},\ldots,a,)=0$ if and oniy if at least one of the following conditiom; is
satisfied:
(a) there $\mathrm{e}\mathrm{x}\mathrm{i}\epsilon u1\leq i_{\mathrm{f}}<\ldots<i_{2\cdot+1}\leq n$such that
$a_{i\iota u_{+\iota}}\ldots.\epsilon\langle \mathrm{Q}’)^{\mathrm{g}}$;
(b) there exists $l\leq|_{1}<\ldots<i_{22}\leq n$ such that
$u_{\iota}\cdots a\iota_{l}$. $\in\sim 3(\mathrm{Q}’)^{2}$
and the set of primes $q\equiv 1$ mod 3 for which each $a_{i}$ is not a cube
modulo $q$ is flnite.
Furthermore each of the conditions above implies that $a_{1},$ $\ldots,a_{n}$ cannot be
simultaneously primitive roots for infinitely many primes.
(2) Using the above, it can be checked that $A(2,3, -6)\neq 0$ so that GRH implies
that the SW problem has an affirmative answer in this case.
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(3) For any $a,$ $b\in \mathbb{Q}\backslash \{0, \pm 1\}$ it is easy to see that $A(a, b, ab)=0$. Indeed if
$\mathrm{o}\mathrm{r}\mathrm{d}_{p}a=\mathrm{o}\mathrm{r}\mathrm{d}_{p}b=p-1$ , then the Legendre symbols $( \frac{a}{\mathrm{p}})=(\frac{b}{p})=-1$ .
Therefore $( \frac{ab}{p})=1$ and this implies that $\mathrm{o}\mathrm{r}\mathrm{d}_{p}ab|L^{-\underline{1}}2^{\cdot}$
(4) The SW problem for $\{4, 3, -1\}$ is still open both on Hypothesis $\mathrm{H}$ and on
GRH.
For given rational numbers $a_{1},$ $\ldots,a_{r}$ not $0$ or $\pm 1$ , we consider the following
function:
(1) $S_{a\iota,\ldots,a_{r}}(x)=\{p\leq x|\mathrm{o}\mathrm{r}\mathrm{d}_{p}a_{1}=\cdots=\mathrm{o}\mathrm{r}\mathrm{d}_{p}a_{r}\}$ .
We denote by $\langle a_{1}, \ldots, a_{r}\rangle$ the subgroup of $\mathbb{Q}^{*}$ generated by $a_{1},$ $\ldots,$ $a_{r}$ , and by
$r(a_{1}, \ldots,a_{r})=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}_{\mathrm{Z}}(a_{1},$
$\ldots,$
$a_{r}\rangle$ its rank as abelian group. Clearly
$1\leq r(a_{1}, \ldots, *)\leq r$ .
The goal of this note is to apply the Generalized Riemann Hypothesis to the
general SW problem.
Theorem 1. Let $\{a_{1}, \ldots,a_{r}\}\subset \mathbb{Q}\backslash \{0, \pm 1\}$ and assume that the Generalized Rie-
mann Hypothesis holds for the fields $\mathbb{Q}(\zeta_{n}, a_{1}^{1/n_{1}}, \ldots,a_{r}^{1/n_{r}})(n, n_{1}, \ldots,n_{r}\in \mathrm{N})$ and
that $r(a_{1}, \ldots, a_{r})\geq 2$. Then
$S_{a_{1},\ldots,a_{r}}(x)=( \delta_{a_{1},\ldots,a_{r}}+O_{a_{1},\ldots,a_{r}}(\frac{1}{\log x}))$ li(x)




$B=\{\xi \mathbb{Q}^{\mathrm{r}N}\in\Gamma \mathbb{Q}^{*N}/\mathbb{Q}^{*N}$ such that $[\mathbb{Q}(\sqrt[N]{\xi}):\mathbb{Q}]\leq 2$ and disc $(\mathbb{Q}(\sqrt[N]{\xi}))|mk\}$ ,
$u\iota en$
(2) $\delta_{a_{1},\ldots,\alpha,}=$
$\sum_{m\in \mathrm{N},k_{1\prime}\ldots,k_{r}\in \mathrm{N}}\frac{\mu(k_{1})\cdots\mu(k_{r})}{\varphi(mk)}\frac{\#\mathcal{B}}{\# A}$
.
When each $a_{i}$ is the power of the same rational number, the group $(a_{1}, \ldots, a_{r})$
has rank one. In this case we write $a:=a^{h_{i}}$ for each $i=1,$ $\ldots,$ $r$ and we note that
we can assume that the greatest common divisor $(h_{1}, \ldots, h_{r})=1$ otherwise we can
substitute $a$ with $a^{(h_{1},\ldots,h_{r})}$ . Here the Riemann Hypothesis can be avoided.
Theorem 2. Let $a\in \mathbb{Q}\backslash \{0, \pm 1\},$ $h_{1},$ $\ldots,$ $h_{r}\in \mathrm{N}^{+}$ with $(h_{1}, \ldots, h_{r})=1$ and
$h=[h_{1}, \ldots, h_{f}]$ . Then the following asymptotic formula holds:
$S_{a^{h_{1}},\ldots,a^{h}},$ $(x)=( \delta_{a^{\hslash_{1}},\ldots\prime a^{h_{r}}}+O_{a,h}(\frac{(\log\log x)\{h)}{(\log x)^{S}}.))1\mathrm{i}(x)$
where, if $a=\pm b^{d}$ with $b>0$ not a power of any rational number and $D(b)=$
$\mathrm{d}\mathrm{i}\epsilon \mathrm{c}(\mathbb{Q}\sqrt{b})$ , then
$\delta_{a^{h_{1}},\ldots,a^{h_{r}}}=\prod_{l|h}(1-\frac{l^{1-v\iota(d)}}{l^{2}-1})\mathrm{x}[1+t_{2,h}\mathrm{x}(\epsilon_{a}+t_{D(b),4h}\mathrm{x}\epsilon_{a}\prod_{l|2D\langle b)}\frac{1}{1-\frac{l-1}{l^{1-v}\iota \mathrm{t}ae)}},)]$
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where
$\epsilon_{a}=\{$
$0$ if $a>0$ ;
$- \frac{32^{v_{l}(i)}S}{\theta 2\mathrm{a}(t)2}|.=$ if $a<0$ ;
and
$t_{x,y}=\{$




$\mathrm{t}^{-1}2)^{2^{1-\mathrm{m}\cdot[]\{0,v_{2}(D(b)/d)-1\}}}$ if $a<0$ and $v_{2}(D(b))\neq v_{2}(u)$ ;
71 if $a<0$ and $v_{2}(D(b))=v_{2}(u)$ .
The proof of the above formula uses results of P. Moree [2} and others. In this
degenerate caee we can $\dot{\mathrm{g}}\mathrm{v}\mathrm{e}$ a complete answer to the SW problem.
Corollary 3. Let $a\in \mathbb{Q}\backslash \{0,\pm 1\}$ and $h_{1},$ $\ldots,h_{\gamma}\in \mathrm{N}^{+}$ . $n\epsilon n\delta_{a^{h}\iota,\ldots,a\prime}‘\neq 0$ .
lherefore the $SW$ pmblem for $\{a^{h\iota}, \ldots,\mathrm{u}^{\hslash_{r}}\}ha\epsilon$ an $affi|mativ\mathrm{e}$ answer.
Let $m$ be a positive iffieger. We need to consider the auxiliary function:
$S_{\iota_{1},\ldots,u_{r}}(x,m)=\{\mathrm{p}\leq x|\mathrm{i}\mathrm{n}\mathrm{d}_{\mathrm{p}}(a_{1})=\cdots=1n\mathrm{d}_{\mathrm{p}}(a_{r})=m\}$ .
ft is $\mathrm{i}\mathrm{m}\iota \mathrm{n}\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{t}\mathrm{e}$ to see that
$(\theta)$
$S_{a_{1}\ldots.,a_{\mathrm{r}}}(x) rightarrow-\sum_{m\epsilon\aleph}S_{a_{1,\ldots,*}}(x,m)$.
Note that for $r=1$ , tbe Mction $S_{a}(x,m)$ was considered by L. Murata in 1991
[3] who $\Psi^{\mathrm{o}\mathrm{v}\mathrm{d}:}$
Theorem (Murata). Let a $\epsilon \mathrm{Z}\backslash \{0,\pm 1\}$ , then if the $GRH$ holds,
$\#\{p\leq x|\mathrm{i}\mathrm{n}\mathrm{d}_{\mathrm{p}}a=m\}=(\epsilon_{\alpha,m}+O_{a,m}(\frac{\log\log x}{\log x}))1\mathrm{i}\{x)$
vakere Cq.$m\dot{w}$ $a$ $\ell uuable$ non neyative consta# and the conatant implied in the
$O$-symbol may dqend on $a$ and on $m$.
As aside-product ofour Theorem 1, we have the following result that generalizes
both Matthews and Murata’s Theorems:
Theorem 4. &t $\{a_{1}, \ldots,*..\}\mathrm{c}\mathrm{Q}\backslash \{0,\pm 1\},$ $m\epsilon \mathrm{N}$, uaume that $\hslash\epsilon$ Generulized
Riemann Hypothesu holds and that $r(a_{1}, \ldots,a_{r})\geq 2$ . Tha
$S_{l\iota a}\ldots.,,(x,m)=(c_{\mathrm{r}\iota,\ldots.u,,m}+O_{a\iota,\ldots.\mathit{0}},$ $( \frac{\mathrm{W}m}{\mathbb{R}x}))1\mathrm{i}(x)$
where
(4) $\mathrm{t}_{1\cdots\cdot,l,.m}=\sum_{k_{\mathit{1}\prime\cdots\prime}k_{r}\epsilon \mathrm{r}}\frac{\mu\{k_{1})\cdots\mu(k_{r})}{\varphi(m\mathrm{k})}\frac{\# B}{\# A}$
and the notations are the same as in de $itu\epsilon me\mathfrak{n}t$ of Theorem 1. $0$
2. NUMERICAL EXAMPLES
In this section we compare numerical data. The table compares the densities
$\delta_{a,a^{2},\ldots,a^{r}}$ with the quantities $S_{a,a^{2}\ldots,a^{r}}(10^{8})/\pi(10^{8})$ for $r=2,3,$ $\ldots,8$ and $a\in$
$\mathbb{Q}\backslash \{0, \pm 1\}$ with natural height up to 8. Both quantities have been truncated at
the fifth decimal digit.
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$\delta_{a,a^{2},\ldots,a^{r}}=\delta_{a,a^{2},\ldots,a^{r-\iota}}$ .
Indeed the brmuia for $\delta_{\mathrm{n}.\iota^{2},\ldots.0},$. in Theorem 2 depends only $on$ the lmoet common
multiple of the exponents and if $r$ is not prime then $[1, 2, \ldots,r]=[1,2, \ldots,r-1]$ .
Similarly if $r\mathrm{i}\epsilon$ not prime, for every $x>1$
$S_{a.a,..a}..r(\prime x)=S_{\mathrm{o}.\iota^{\mathrm{a}},\ldots,a^{r-1}}(x)$ .
Indeed if $f=\epsilon t,$ . then $\mathrm{o}\mathrm{r}\mathrm{d}_{p}(a)=\mathrm{o}\mathrm{r}\mathrm{d}_{p}(a^{\ell})=\mathrm{o}\mathrm{r}\mathrm{d}_{p}(a)$ if and only if
$(\mathrm{o}\mathrm{r}\mathrm{d}_{\mathrm{p}}(a),\epsilon)=(\mathrm{o}\mathrm{r}\mathrm{d}_{p}(a),t)=1$
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and if that happens then $(\mathrm{o}\mathrm{r}\mathrm{d}_{p}(a),\epsilon t)=1$ .
This explains why in the table the third column equals the second, the fifth
equals the fourth and the seventh equals the sixth.
3. CONCLUSION.
It would be interesting to determine (even conjecturally) a characterization of
those flnite sets of rational numbers for which the SW problem has an affirmative
answer. We are unable to do that at present time but it is reasonable to expect
that the SW problem has affirmative answer for $\{a_{1}, \ldots,a_{r}\}$ if and only if
$\delta_{a_{1},\ldots,a_{r}}\neq 0$ .
We are $\mathrm{a}1\epsilon\overline{\mathrm{o}}-$ unable to chuacterke the finite sets for which $\delta_{a_{1},\ldots.\delta_{r}}\neq 0$ (which
in virtue of $\mathrm{T}l\infty \mathrm{r}\mathrm{e}\mathrm{m}1$ provides on GRH a sufficient condition for the SW $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{l}\epsilon \mathrm{m}$
to have affirmative answer). We will address this problem in a future paper.
We conclude with the following elementary result:
Proposition 5. If $S=\{a_{1}, \ldots, a_{r}\}\subset \mathbb{Q}^{*}\backslash \{0, \pm 1\}$ is such that:
$\mathrm{i}$ . $-1\in(S\rangle_{j}$
$\mathrm{i}\mathrm{i}$ . $S\cap(S\}^{2}\neq\emptyset$ .
Then the Schinzel $bW\phi \mathrm{c}ik$ problem for $S$ has a negative anawer.
Proof. Assume that $\delta=\mathrm{o}\mathrm{r}\mathrm{d}_{p}(a_{1})=\ldots=\mathrm{o}\mathrm{r}\mathrm{d}_{p}(a_{r})$ for some prime $p>2$ . Since
$-1=a_{1}^{\omega_{1}}\cdots a_{r}^{\omega,}$ for suitable $\omega_{1},$ $\ldots,\omega_{f}\in \mathrm{Z}$ , we have
$(-1)^{\delta}\equiv a_{1}^{\delta\omega_{1}}\cdots a_{r}^{\delta\omega_{\mathrm{r}}}\equiv 1$ mod $p$.
This implies that 2 $|\delta$ .
If $a_{i_{0}}\in S\cap(S)^{2}$ , then $a_{i_{0}}=a_{1}^{2\tau_{1}}\cdots a_{r}^{2\tau_{\mathrm{r}}}$ for suitable $\tau_{1},$ $\ldots,\tau_{r}\in \mathrm{Z}$. Hence
$a_{i_{0}}^{\delta/2}=a_{1}^{\delta\tau_{1}}\cdots a_{r}^{\delta\tau_{r}}\equiv 1$ mod $p$
which contradicts to the hypothesis $\mathrm{i}\mathrm{n}\mathrm{d}_{p}(a_{i_{0}})=\delta$ . $\square$
We conclude with a series of remarks:
(1) The hypothesis of the Proposition 5 can both be satisfied only if $r\geq 3$ .
(2) Condition $\mathrm{i}\mathrm{i}$ . in Proposttion 5 implies in particular that $\varphi_{\mathrm{Q}}$ is a $\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{f}\mathrm{e}\alpha$
squere and therefore the Matthews constant $A(a_{1}, \ldots,a_{r})$ in the introdue-
tion is zero.
(3) While the condition-l $\epsilon\langle S$} in the previous proposition $\epsilon \mathrm{e}\mathrm{e}\mathrm{n}\mathrm{l}\epsilon$ necessary in
order the have a negative mswer $W$ the SW problem (See $\mathrm{W}6\mathrm{j}\mathrm{c}\mathrm{i}\mathrm{k}$ Theorem
in the introduction), we are unable to guess vhether the second one is
necessary.
(4) The only case which is not covered neither by Theorem 1 or by Theorem 2
is $r(a_{1}, \ldots,*)=1\mathrm{a}\mathrm{n}\mathrm{d}-1\in\{a_{1}, \ldots,a_{r}\}$ . lbom Proposition 5 we deduce
that this case includes some sets for which the SW problem has negative
answer.
(5) The problem of expressing the density $\delta_{\iota_{1},\ldots,a}$, as an Euler product when
the rank $r(a_{1}, \ldots,a_{f})\succ 1$ and the study of the equation
$\delta_{l_{1},\ldots,\mathrm{O}r}=0$
witi be addressed by the authors in a future paper.
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